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Abstract 

In this paper it is shown that every irreducible vertex algebra of countable di- 
mension and every simple vertex operator algebra is nondegenerate in the sense of 
Etingof and Kazhdan. 

1 Introduction 

In one of their series papers on quantization of Lie bialgebras, Etingof and Kazhdan [EK] 
introduced a notion of nondegeneracy of a vertex operator algebra. A vertex operator 
algebra V is said to be nondegenerate if for every positive integer n the linear map Z„ 
from y^" (g) C((zi, . . . , Zn)) to V{{zi)) ■ ■ ■ ((z„)) defined by 

Zniv^^^ (g)---(g) (g)f) = fY{v^^\zi) ■ ■ ■ y(t;("), Zn)l 

is injective. It was proved therein that in their definition of the notion of braided vertex 
operator algebra, if the classical limit vertex operator algebra is nondegenerate, certain 
axioms are automatically satisfied. Let V{q, K) be the vertex operator algebra associated 
with a (finite-dimensional) Lie algebra g and a (complex) number K (cf. [FF], [FZ], 
[Lia]). It was proved in [EK] that if V{q,K) is an irreducible g-module, then V{q,K) is 
nondegenerate. Notice that the irreducibility of V{q, K) as a g-module amounts to the 
simplicity of the vertex operator algebra V{q, K). So, it is reasonable to conjecture that 
general simple vertex operator algebras are nondegenerate. In this paper, we shall prove 
that this conjecture is indeed true. 

In literature, there are certain results closely related to the injectivity of the maps Z„. 
In [DL], among other results it was proved that if 1/ is a simple vertex operator algebra 
and W is an irreducible l^-module, then Y{v, z)w T^OforOT^i^G^, Ot^ioG W . 
Furthermore, among other results it was proved in [DM] that the linear map Y viewed 
as a map from V ®W to W{{z)) is injective. It is quite conceivable that ideas in [DL], 
[DM] and [EK] will be highly valuable for proving the conjecture. Indeed, our proof here 
essentially uses the same ideas. 

Notice that in the notion of vertex operator algebra used in [EK], no conformal vec- 
tor and no Z-grading are assumed. A vertex operator algebra in the sense of [EK] is 
often called a vertex algebra. In this paper we consider a general vertex algebra V . 
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For any F-module W we define a linear map from I/®" W C((zi)) ■ ■ ■ ((zn)) to 
W{{z^))■■.{{z^))hy 

Z^{v^^^ ® • • • w; ® /) = /r ,zi)--- Y{v^''\ Zn)w. 

It follows from [FHL] that (g) C{{zi)) ■ ■ ■ {{zn)) is a natural vertex algebra with 

ysn (g) ® C((zi)) ■ ■ ■ {{zn)) as a module. Wc first prove that ker is a submodule. To 
describe submodules of V^"' ^ W ® C((2;i)) ■ ■ ■ {{zn)) we slightly generalize the result of 
[FHL] on the irreducibility of tensor product modules for tensor product vertex operator 
algebras in the context of vertex algebras of countable dimension. Using this, we show 
that if V has countable dimension and irreducible in the sense that V is an irreducible V- 
module and if W is a V-module, then any submodule of V^"' ® W ^ C{{zi)) ■ ■ ■ {{zn)) is of 
the form y®"(g)[/, where [/ is a V(g)C{{zi)) ■ ■ ■ ((2„))-submodule oi W (g) C{{zi)) ■ ■ ■ ((^n))- 
Then it follows that ker Z^ = 0. From this we show that every irreducible vertex algebra 
of countable dimension is nondegenerate. In particular, this implies that every simple 
vertex operator algebra in the sense of [FLM] and [FHL] is nondegenerate. 



2 The main result 

We here shall recall the notion of nondegeneracy of a vertex algebra from [EK] and prove 
that every irreducible vertex algebra of countable dimension is nondegenerate. 

Throughout this paper, the ground field is C. In this paper we shall use the following 
definition of the notion of vertex algebra (cf. [B], [FLM], [FHL], [DL], [Li2], [LL]): 

Definition 2.1 A vertex algebra is a vector space V equipped with a linear map, called 
the vertex operator map, 

Y:V ^ {EndV)[[z,z-^]] 

V ^ Y{v,z) = J2vnZ-''-' KeEndy) (2.1) 

nez 

and equipped with a distinguished vector 1 & V, called the vacuum vector, such that the 
following axioms hold: For u,v G V, 

UnV = for n sufficiently large; (2.2) 
F(l,z) = l; (2.3) 

for V & V, 

Y{v,z)l^V[[z]] and Y{v,z)11=q{= v.^l) = v- (2.4) 
and for u,v , 

Zo'S (^^^) Y{u, z,)Y{v, z,) - z^'5 (^^^) Y{v, x,)Y{u, x,) 

\ Zq / \ —Zq J 

= ^-ij(^i^)r(y(«, ^0)^,^2) (2.5) 

(the Jacobi identity). 
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Remark 2.2 In literature, there are variant definitions of tlie notion of vertex algebra 
(cf. [B], [DL], [Li2], [Ka]). It was proved in [Li2] that the definition given in [B] is 
equivalent to the current definition (with ground field C). It follows immediately from a 
known duality result ([G], [FHL], [DL], [Li2]) that the definition given in [EK] and [Ka] 
(where the vacuum vector is denoted by fl) is also equivalent to the current definition. 

For a vertex algebra V, the vertex operator map F is a linear map from V to 
IIom(y, V{{z))). The map Y can alternatively be considered as a linear map from V ®V 
to V{{z)). Following [EK], we alternatively denote this map by Y{z). Define a linear 
operator V G Endy by 

D{v) = t;_2l (= (^Y{v, z)l] U=o] ■ (2.6) 



dz 



Then (cf. [LL]) 



[V, Y{u, z)] = Y{Vu, z) = ^Yiu, z), (2.7) 
Y{u, z)v = e^^Y{v, -z)u for u,v eV. (2.8) 

It was proved ([FLM], [FHL], [DL], [Li2]) that the Jacobi identity is equivalent to 
the following weak commutativity and associativity: For any u,v G V , there exists a 
nonnegative integer k such that 

{z^ - Z2fY{u,z^)Y{v,Z2) = (^1 - Z2fY{v,Z2)Y{u,zi)- (2.9) 

and for any u,v,w eV there exists a nonnegative integer / such that 

(zo + Z2)^Y{u, zq + Z2)Y{v, Z2)w = {zq + Z2yY{Y{u, zo)v, Z2)W. (2.10) 

A V -module (cf. [Li2]) is a vector space W equipped with a linear map Y from V to 
(EndVl^)[[2;, z"^]] such that all the axioms in defining the notion of vertex algebra that 
makes sense hold. That is, the truncation condition ( |2.2|) , the vacuum property ( p.3|) and 
the Jacobi identity ( p. 51) hold. 

The notion of ideal is defined in the obvious way; an ideal of a vertex algebra V is a 
subspace U such that UmV, VmU G U for all v & V, w G U. 

Definition 2.3 A vertex algebra V is said to be simple if there is no nontrivial ideal and 
V is said to be irreducible if V is an irreducible V^-module. 



Clearly, an irreducible vertex algebra is simple, but simple vertex algebras are not nec- 
essarily irreducible. For example, the vertex algebra constructed in [B] from the commu- 
tative associative algebra C[x] with the standard derivation is simple, but not irreducible. 
On the other hand, simple vertex operator algebras in the sense of [FLM] and [FHL] are 
always irreducible because any submodule of V is an ideal (cf. [FHL]). 
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Let V be a vertex algebra, fixed throughout this section. Following [EK] , for a positive 
integer n, we define a linear map from 1/®" (8) C((2;i, . . . , Zn)) to V{{zi)) ■ ■ ■ ((^n)) by 

Zn(v^'^ ® • • • (8) v^""^ (8) /) = fY(v^^\ zi)--- Y{v^''\zn)l. (2.11) 

In [EK], Zji was alternatively defined as 

Z^ = Y{z,){l ® Y{Z2)) ■ ■ ■ (1^"-^ ® l^(^n))(l®" ® !)• (2.12) 

The following notion was due to [EK]: 

Definition 2.4 A vertex algebra V is said to be nondegenerate if the linear maps Z„ are 
injective for all positive integers n. 

Remcirk 2.5 Consider the case n—1. For v e V, / e C((2;)), we have 

Zi{v ® /) = /y(^;, z)l = /e^^y(l, z)t; = e^^/t;. 

Then Zi = e^'^n, where ir is the natural embedding oi V ^ '^{{^)) i^to V{{z)). It follows 
immediately that Zi is injective. 

Now, let ly be a V^-module. Then we similarly define a linear map Z^ from (S> 

W ® C((^i)) . . . {{Zn)) to W^((Zl)) ■ ■ ■ {{Zn)) hj 

Z^{v^^'> (g) • • • (g) v^""^ (g) w /) = /F(w(^\ ^i) • • • y(^;("^ z„)«; (2.13) 

for G F, w G 1-^, / G C((zi)) . . . ((z„)). Notice that C((^i)) • • • ((^„)) is a 

commutative associative algebra (with identity element) and that for any vector space U, 
U{{zi)) ■ ■ ■ {{zn)) is a C((^i)) ■ ■ ■ ((2„))-module. It is clear that Z^^ is C{{zi)) . . . {{Zn))- 
linear where F®" ® ® C{{zi)) . . . {{zn)) is considered as a C{{zij) . . . ((2;„))-module in 
the obvious way. Let be the embedding of into defined by 

En{v^^^ ® ■ ■ ■ ® w(")) = v'^^^ ® • • • ® V^''^ ® 1. (2.14) 

Then 

Zn = Z^En. (2.15) 

In literature, there are certain results which are closely related to the injectivity of 
linear maps Z^ . The following result is due to Dong and Mason [DM] while the special 
case is due to Dong and Lepowsky [DL]: 

Proposition 2.6 Let V be a simple vertex operator algebra and let W be an irreducible 
V -module. Let v^^\ . . . , v^'^^ E V be nonzero vectors and let w^^\ . . . , w^^'> E W be linearly 
independent vectors. Then 

f2Y{v^^,z)w^^ ^0. (2.16) 

i=l 

In particular, 

Y{v, z)wj^O forOy^v eV, Oy^w eW. (2.17) 
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Remark 2.7 Proposition 2^ exactly asserts that Y viewed as a linear map from y ® 
to W{{z)) is injective. 

From [FHL], for any positive integer n, has a natural vertex algebra structure 

and for V^-modules VFi, . . . , Wn+i, VFi®- ■ -^Wn+i has a natural y®*^""'""^^-module structure. 
For 1 < i < n + 1, let TTj be the embedding of V into sending v to the product 

vector all of whose factors but the ith factor which is v are the vacuum vector 1. Let U 
be any subspace of Wi ® ■ ■ ■ Wn+i- It is clear (cf. [FHL]) that [/ is a submodule if and 
only if for ^ = l,...,n+l, 

Y{ni{v), z)U C U{{z)) for all v eV. (2.18) 

Note that any commutative associative algebra with identity is a natural vertex alge- 
bra. Then from [FHL], ® C{{zi)) ■ ■ ■ ((z„)) is a vertex algebra. Now we state our 
first result: 

Proposition 2.8 For any positive integer n, ker is a (g) c{{zi)) . . . {{zn)) - 

submodule ofV^^W ® C{{zi)) . . . {{zn))- 

For convenience we first prove the following simple fact: 

Lemma 2.9 Let U be a vector space and let 

/(zi,...,z„)Gf/((^i))---((^„)). (2.19) 

Assume that there exist nonnegative integers kij for I < i < j < n such that 

n iz,-z,p]fizi,...,zn) = 0. (2.20) 

Then f{zi, . . . , z„) = 0. 

Proof. The key issue here is the cancelation law. From [FLM], for any three formal 
series A,B and C, if ABC, AB and BC all exist (algebraically), then 

A{BC) = {AB)C = ABC. (2.21) 

Set 

A= n B= n (^.-%)'^ c = /(zi,...,z„), 

where we use the usual binomial expansion convention (cf. [FLM]). Then it follows im- 
mediately from (p2.20D that f{zi, . . . , Zn) = 0. □ 



Proof of Proposition |2.8| . Since is already C{{zi)) ■ ■ ■ ((z„))-linear, what we 
must prove is that for 2 = 1, . . . , n + 1, 



- ) 

Yin.iv), z)Z:^ C Z^{{z)) for v E V. (2.22) 
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That is, we must prove that if X e F®" ®W® C((^i)) ■ • ■ ((^„)) with Z^{X) = 0, then 
for z = 1, . . . , n + 1, 



{Y{7ri{v), z)X) = for all v E V. 

We shall prove this in four steps. 

Claim 1: For z = + 1, holds. 
Let 

X = J2 ® ■ ■ ■ ® u""^" ^w^^^ fy, 

(a finite sum). We shall use this general X for the whole proof. Then 
^ f.^{u^^\z,) ■ ■ ■ Y{u^'--,z^)w^ = Z^{X) = 0. 



(2.23) 



(2.24) 



(2.25) 



Let V E V. From the weak commutativity there exists a nonnegative integer k such that 

{z-z^,)''Y{v,z)Y{u'"\z,) = {z-z,fY{u'^\Zi)Y{v,z) (2.26) 

for all the indices i and a^. Multiplying (|2.25|) by {z — ziY ■ ■ ■ {z — Zn)''Y{v, z) (from left) 
and then using ( ^.26| ) we get 



^ f^Y{u^^\z^)---Y{u^^-,Zn)Y{v,z)w^ = 



In view of Lemma |2.9| we have 

^ f^Y{u^^^ , zi) ■ ■ ■ y («""", Zr,)Y{v, z)w^ = 0. 

ThusZf(y(7r„+i(t;),2)X) = 0. 

Claim 2: For i = n, ( ^^231) holds. From (12^251 ), using (|2.26|) we get 



(2.27) 



(2.28) 



X{{z-Zi 

\i=l 



\ fiYi^''^' , ^i) ■ ■ ■ y (w("-')""-i , ^„-i)y (t;, z)Y{u^'-" , z„)«;^ = 0.(2.29) 



In view of Lemma p.9| we have 

^ /^y (w^"^ , ^i) ■ ■ ■ f(m"-1""- , 2„_i)y (^;, z)y (m"°" , ^„)w^ = o. 



(2.30) 



From the weak associativity, there exists a nonnegative integer / such that 

{zo + zjY{v, zo + Zn)Y{u''"\Zn)w^ = {zo + zjYiYiv, zo)u^''",Zn)w^ (2.31) 
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for all the indices a„ and /?, (which are finitely many). Then 

{ZO + ZJ f'^^{u'''\z{)---Y{u^^~^^^-\Zn-{)Y{Y{v,Z^)u^^-,Zn)w^ 
= {Z^ + Zj f'yy{u^''\Zl)---Y{u^'-~^'^''-'\Zn-l)Y{v,Zo + Zn)Y{u''^%Zn)w^ 

= 0. (2.32) 
By Lemma |2.9| we get 

Y f^Yiu''^^ , 2i) ■ ■ ■ y (^(«-i)«n-i , Zn-i)Y{Y{v, ^o)^^""" ,Zn)w'' = 0. (2.33) 

That is, Z^{Y{TTn{v),z)X) = 0. 

Claim 3: ker is stable under the action of S'„. (Note that the symmetric group Sji 
naturally acts on V®" ®W ® C{{zi)) ■ ■ ■ ((;z„)).) 

It suffices to prove that ker is stable under the actions of transitions crj(j+i) for 
i = 1, . . . ,n — l. Let X G ker Z^ and write X as in (p.24| ). From the weak commutativity 
there exists a nonnegative integer k such that 

{z, - Zi+,fY{u'"\Zi)Y{u, z,+i) = {z, - Zi+,fY{u, z,+,)Y{u, z,) (2.34) 

for all the indices i and a^. Then 

{zi - ^,+i)'=Zf (a,(,+i)X) = (zi - z.+.fZ^iX) = 0. (2.35) 

In view of Lemma we have Z^(crj(j+i)X) = 0. That is, ker Z^ is stable under the 
action of cri(j+i) for i = 1, . . . , n. Therefore ker Z^ is S'„-stable. 

Claim 4: For 1 < ^ < n, ( ^^231) holds. 

Let o" be the permutation (in). Then we have 

Y{7ri{v), z)X = a{Y{7rn{v),z)a{X)) for v e V. (2.36) 
By Claim 3, o"(X) G ker Z^. Furthermore, by Claim 2 we have 

r(7r„(^;),z)a(X)G(kerZr)((.)). 

By Claim 3 again we get 

a{YMv),z)a{X))e {ker Z:r)m. 

Therefore 

Zr(F(vr,(.;),.)X) = (a(y(7r„(t;), ^)a(X))) = 0. 

This completes the proof. □ 

Noticing that for ^ w G VT, ^ / G C((zi)) . . . ((2„)), 

(1^" ^w®f) = /y(l, zi) ■ ■ ■ y(l, z„)«; = fw^O, (2.37) 
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we have 



kerZf ^ ®C((2i))...((2„)). (2.38) 

If y (g) (g) C((zi)) . . . {{zn)) is an irreducible o c((;zi)) . . . ((2„)) -module, in 

view of Proposition |2.8| we will immediately have ker = 0. When is a simple 
vertex operator algebra and W is an irreducible V^-module, it follows from [FHL] that 
Y»n (g) ^ is an irreducible y®*^"'+^''-module. However, the result of [FHL] does not imply 
that y®" W ® C{{zi)) . . . {{zn)) is an irreducible ® c((;zi)) . . . ((2„))-module. 

Motivated by this, we prove the following simple result (which might have been known 
somewhere): 

Lemma 2.10 Let A\ and A2 be associative algebras with identity element and let Ui and 
U2 be modules for A\ and A2, respectively. Assume that Ui is irreducible and EndAjf/i = 
C. Then any A\ ® A2-submodule of Ui ® U2 is of the form Ui (g) U2, where U2 is an 
A2-submodule ofU2- Furthermore, if U2 is irreducible, then Ui ® U2 is irreducible. 

Proof. Fix a basis {uia | a G /} for Ui. Let [/ be a nonzero Ai (g yl2-submodule of 
Ui ® U2- Let u be any nonzero element of U. Then 

U = Uiai 0U21 + ■ ■ ■ + Uia^ (g) U2r, 

where U21, . . . ,U2r are (finitely many) nonzero vectors in 1/2- Since Ui is irreducible and 
End-AiUi = C, in view of the density theorem (cf. [J]), there exists a & Ai such that 

o^iai 7^ and auia^ = for i = 2, . . . , r. 

Then 

7^ auia^ (g U21 = (a (g l)u e U. 

Since Ui is irreducible, we have Aiauia-^ = Ui. Thus f/i(g'U2i = {Aia^l)u C U. Similarly, 
we have Ui ® U2i <Z U for i = 2, . . . , r. Set 

U'^{u) = A2U21 + ■■■ + A2U2r C U2. 

(Notice that M2j's are uniquely determined by u.) Then 

ueUi® U'2{u) c U. 

Setting 

U2= U!2{u)cU2, (2.39) 

we get U = Ui® U2, completing the proof. □ 

Closely related to Lemma |2.10| is the following result which can be found in [Di] , or 
[CG]: 
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Lemma 2.11 Let A be an associative algebra with identity and let U be an irreducible 
A-module of countable dimension. Then End^f/ = C. 



We now apply Lemma |2.11| in vertex algebra theory. 



Lemma 2.12 Let V be a vertex algebra of countable dimension and let W be an irre- 
ducible V -module. Then W is of countable dimension and EndylV = C. 

Proof. Let w be any nonzero element of W . It was proved in [DM] and [Lil] that the 
linear span of vectors for v G V", m G Z is a submodule of W . Consequently, 

W = span{VmW \ v E V, m G Z}. 

Then we immediately see that W has countable dimension. Furthermore, let A be the 
subalgebra of EndlV generated by all the operators Vm for v E V, m G Z. Then A acts 



irreducibly on W and End^VF = Endy VF. In view of Lemma we have EndyiH^ = C. 
Thus EndvW = End^l^ = C. □ 

The following result slightly generalizes the corresponding result of [FHL]: 

Proposition 2.13 Let Vi, . . . ,Vr be vertex algebras of countable dimension and let Wi,. . ., 
Wr be irreducible modules for Vi, . . . ,Vr, respectively. Then Wi®- ■ ■<S)Wr is an irreducible 
Vi ® ■ ■ ■ C?) Vr-module with 



Proof. In view of Lemma 2.12, we have Endy.PVi = C for i = 1, . . . ,r. In particular. 



Proposition holds for r = 1. For r = 2, first it follows from Lemma p.lO| that Wi ® W2 



is an irreducible Vi ® V2-module. Then by Lemma [2.12| , Endyi0V2(W^i ® ^2) = C. Now 



Proposition follows immediately from induction on r and the assertion for r = 2. □ 
Now we are ready to prove our main result: 

Theorem 2.14 Let V be an irreducible vertex algebra of countable dimension and let 
W be any V -module. Then for every positive integer n, the linear map is injective. 
Furthermore, every irreducible vertex algebra V of countable dimension is nondegenerate. 



Proof. In view of Proposition |2]^, for any positive integer n, ker is a 



C{{zi)) . . . ((2„))-submodule of F®" ® C{{zi)) . . . {{zn)). It follows from Proposition 



2A3| that is an irreducible ^^"-module and that Endy«nl^®" = C. Let Ai be the 
subalgebra of EndV^"' generated by all the operators Um for u G y^", m G Z. Then Ai 
acts irreducibly and End^^ V^"" = C. In view of Lemma p.lO| , we have 



ker = ® U, 
where U is a V iS) C{{zi)) . . . ((2;„))-submodule of W C{{zi)) . . . {{zn)). Let 

F = Wi® fi ^ h Wrfr 
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be a generic element of U, where Wi, . . . ,Wr are linearly independent vectors in W and 
fi G C{{zi)) ■ ■ ■ {{zn)). Then we have l®'^ ® F G ker , so that 

r 

flWl + --- + frWr = E f^Yi'^^ ^l) " " " ^n)w, = ^^(1®" ® F) = 0. (2.40) 

Consequently, = for z = 1, . . . , r. This proves that [/ = 0, so ker = 0. Further- 
more, smce Zn = Z^En, where F„ is the embedding of K®" into V"®("+i), Z„ must be 
injective. This proves that V is nondegenerate. □ 

It follows from the definition of the notion of vertex operator algebra ([FLM], [FHL]) 
that any vertex operator algebra in the sense of [FLM] and [FHL] has countable dimension. 
We also know that a simple vertex operator algebra is irreducible. Then we immediately 
have: 

Corollary 2.15 Let V be a simple vertex operator algebra in the sense of [FLM] and 
[FHL] and let W be a V -module. Then for every positive integer n, the linear map Z^ 
is injective. Furthermore, every simple vertex operator algebra V is nondegenerate. □ 



We also immediately have the following generalization of Proposition |^ 



Corollary 2.16 Let V be an irreducible vertex algebra of countable dimension and let W 
be any (not necessarily irreducible) V -module. Then for each positive integer n, the linear 
map 

F^ ■.V^-®W^Wiiz^))■■■iizr,)) 

defined by 

F^iv^'^ ® ■ • • ® 0w) = Y{v^'\zi) ■ ■ ■ Zn)w (2.41) 

is injective. □ 



Remark 2.17 Results of this paper can be appropriately generalized in terms of inter- 
twining operators [FHL]. In fact, the corresponding result of [DL] was formulated in terms 
of intertwining operators in the more general context of generalized vertex algebras. 
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